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Let X=(M(n,m), |-||), where |-| fulfills Condition 0.3 and W= M(n, 1)+
M(1,m). A formula for a minimal projection from X onto W is given in
(E. W. Cheney and W. A. Light, 1985, “Approximation Theory in Tensor Product
Spaces,” Lecture Notes in Mathematics, Springer-Verlag, Berlin; E.J. Halton
and W.A. Light, 1985, Math. Proc. Cambridge Philos. Soc. 97, 127-136; and
W. A. Light, 1986, Math. Z. 191, 633-643). We will show that this projection is the
unique minimal projection (see Theorem 2.1).  © 2000 Academic Press
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0. INTRODUCTION

Let M(n, m) be the space of all (real or complex) matrices of n rows and
m columns. Denote by M(n, 1) (M(1, m), respectively) the space of
matrices from M(n, m) with constant rows (constant columns respectively).

Let S, be the group of permutations of the set {1, 2, ..., n}.

DErINITION 0.1, Put S, xS, ={n=0xy:0€S, and nes,}. S, xS,
is a group with a natural operation. Consider the transformations 4, ., on
M(n, m) associated with S, xS,,, i.e,

(Ao yX)(Q, J) = x(a(i), n())- (0.1)

DerFiNITION 0.2.  Let X be a Banach space X. An element x € X is called
a smooth point if it has a unique supporting functional f,.. If every x from
a unit sphere is a smooth point, then X is called a smooth space.

For some basics facts of smoothness as well as some interesting applications
see, e.g., [ 14].
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Throughout this paper, unless otherwise stated, we will assume that the
norm ||-|| on M(n, m) fulfills the following condition.

Condition 0.3. (1) For any neS, xS,, the transformation A4, (see
Definition 0.1) is an isometry.

(2) Space (M(n, m), ||-||) is smooth.

Now we present some general facts concerning minimal projections.
Let 2(X, W) denote the set of all continuous linear projections from X
onto W, ie.,

PX, W)={Pe L(X,W):Pl, =Idy}.
A projection Py, e (X, W) is called minimal if
[Pyl = AW, X)=inf{ | P| : Pe 2(X, W)}.

The constant A(W, X) is called the relative projection constant.

The method for proving the uniqueness of a minimal projection in our
case is based on the two well-known theorems which earlier have only been
used for proving minimality of projections. We take advantages of both
these theorems combined with smoothness of the considered space. The
author hopes that this method could be useful in other cases.

The first of these theorems comes from W. Rudin (Theorem 0.6) and the
second from B. L. Chalmers and F.T. Metcalf (Theorem 0.8). Before we
state these theorems we have to introduce some notions and definition.

DerFiNITION 0.4.  Suppose that a Banach space X and a topological
group G are related in the following manner: to every s € G corresponds a
continuous linear operator 7,: X — X such that

T,=1, T,=T,T, (seG,teq).
Under these conditions, G is said to act as a group of linear operators on X.

DeFNITION 0.5, A map L: X —» X commutes with G if T,LT,-, =L for
every geG.

THEOREM 0.6 [23, 111.B.13]. Let X be a Banach space and W a com-
plemented subspace, ie., P(X, W)# . Let G be a compact group which
acts as a group of linear operators on X such that

(1) T

g

2) T

g

(x) is a continuous functions of g, for every x € X,
(W)= W, for all geG.

Then for every ¢ >0 there exists a projection P: X — W which commutes with
G such that ||P|| < (AW, X)+e)supgcq HTgHZ.
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Fix any projection Q from X onto W such that |Q|| < AW, X') + ¢ then the
desired projection P is defined by

P(x)= JG T,0T,-(x)dg, for xeX,

where dg denotes the normalized Haar measure on G.

In many concrete applications 7, are isometries and the projection
which commutes with G is unique. Then this theorem implies that the norm
of this projection equals A(W, X); thus this projection is minimal. It does
not imply that this projection is the unique minimal projection as there
could be projections which do not commute with G but still have a mini-
mal norm. For applications of the above theorem and related results see,
e.g, [2, 11-13, 15-19, 21, 23].

Below we assume that X is a normed space and W is a finite-dimensional
subspace.

DErFINITION 0.7. A pair (x, y)e S(X**)x S(X*) will be called an
extremal pair for Pe 2(X, W) if y(P**x)=|P|, where P**: X** > W is
the second adjoint extension of P to X** (S denotes unit sphere). Let §(P)
be the set of all extremal pairs for P.

To each (x, y)e &(P) associate the rank-one operator y ® x from X to
X** given by (y®x)(z) = y(z)-x for ze X.

TaeOREM 0.8 [8, Theorem 1]. A projection Pe P(X, W) has a minimal
norm if and only if the closed convex hull of {y ® X} (. ) casp) contains an
operator Ep for which W is an invariant subspace.

The operator Ep is given by the formula

EP:j YR xdu(x, y): X —> X**%
&(P)

where u is a probabilistic Borel measure on &(P).
For applications of Theorem 0.8 see, e.g., [ 3-9, 22].

Now, we recall one simple fact concerning the trace of a linear operator.

DermNiTION 0.9 [23, TILF.26]. If L: X —> X (X finite dimensional) is a
linear operator then L has a representation (non-unique of course) in the
form L(x)=>, x*(x) x;. The trace of L is defined as

(L) =) x}(x;).
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It is well known that this definition is correct, i.e., it does not depend on
a particular representation of L.

A nice sketch of applications of the trace as well as some further results
could be found in [ 23, Section IIL.F].

1. PRELIMINARY RESULTS

Consider the group G=S, x S,,, to every t=0xn€e S, xS, coincides
the transformation A4, (see Definition 0.1). Then G=S, x S,, acts as a
group of linear operators on M(n, m) (see Definition 0.4).

Let X=(M(n, m), ||-||), where | -] fulfills Condition 0.3 and W= (n, 1) +
M(1, m).

The following two results were presented in [ 12, Chapter 9].

THeorem 1.1 [12]. For any meS, xS,, the subspace W is invariant
under A,, ie., A, (W)c W.

THEOREM 1.2 [12]. There is the unique projection Q: X — W which
commutes with G =S, x S,, given by the formula

-1
(nam=l
nm
m—1
- 1#r, Jj=S¢§
. n
O, )= (L)
n—1 .
i=r, J#S§
nm
—1 . .
\ L#r, J#S5,

where e, (i, j)=0,;0

5t

The group S, xS,, meets the assumptions of Theorem 0.6. Thus the
projection given by (1.1) is minimal.

DermNiTION 1.3, Let P: X — W be a projection. Put
&(P)=1{(x, y) € S(X) x S(X*): y(Px)=|P|}. (1.2)

To each (x, y) € &(P) associate the rank-one operator y ® x from X to X
given by (y® x)(z) = y(z)-x for ze X.
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Since X and W are finite dimensional &(P) is non-empty. Now, we
prove a very useful lemma.

LeMMA 1.4. Take any yeX* and meS,xS,. Then y(A;'(z))=
(A, y)z), for every ze X. (X is finite dimensional, so algebraically X* can
be treated as X').

Proof. Since X is finite dimensional, each y e X* can be represented as
y(x) :Z Vi, jXi, j»
i j

where x=3%, ;x; ;-¢; ;and y, ;e K (K=R or C) are independent of x.
Therefore, since A, = A,-1,,-1,

)’(An_l(z)) :Z Vi j '(Aa_xl;y(z))i,j
i, j
:z Yij* (Aa-lxn-l(z))i,j
i, j
=2 Vi Zam1ann-10)

i j

= Z Yatiy,n(i) *Zi, j
i j

=Z' (Aaxn(y))i,j “Zi g
=(4,»)(z). 1

THEOREM 1.5. If (x, y)€&y(Q) then (A, x, A,y)€ &(Q), for every me
S, xS,,.

Proof. By Theorem 1.2, QO commutes with S, x S,,, i.e, OQ=(4,) ' 04,
for every e S, x S,,. Hence, by Lemma 1.4

101l = p(0x) = y((A4,) "' QA4,(x))
=((A4,) 71 (Q4,(x)))
= (4, y)(0(4,x)). 1
We now define an operator crucial to our further considerations. Take

any (x, y) € &(Q) and put

Eg=— Y (4,3)® (4,x): X X. (1.3)
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(Compare this to Definition 1.3 and Theorem 0.8.) Since (y®x)*=x® y
then

1
Eg:ﬁ (A,%)® (A, ) X X. (1.4)

neG

Take the following elements of W:

0
u, € M(n,m),forr=1, .., n: u,(i, j)={1 z.;ér;

I=r
0 i
v, € M(n, m), for s=1, ..., m: vs(i,j)z{ J#S, (1.5)
1 j=s
we M(n, m): w(i, j)=1.

Since dim W=n+m— 1, the elements u,, ..., u,_1, Uy, .., V,,_1, W form a
basis of W.
THEOREM 1.6. Using the above definitions:
(1) Eo(W)cWw.
(2) Ejw)=c-w.

Proof. Take any u, (r=1,..,n). We will show that Ey(u,)e W. By
Lemma 1.4

K

_Z (u,) - An(x)
zg (A7 (u,)) - Aq(x)
=§ V(Az-1(u,)) - Ax(X)
—Zy 1,)) Ay -1(x)
—Zy )- AN (x).

In the second to last equality we changed the summation, ie, we put

nl=n".
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Let n(r, 1) = {n=0xn:0(t)}. Now, we will continue our computation.

|G- Eglu, ZJ’ (Aq(u,))- A71(x)

- < S ) A ()

nen(r,t)

< ESAEE)

nen(r,t)

s T A
t=1,..,n nen(r,t)

y(u,) < > Anf(X)>- (1.6)

' en(t, r)

Il
!

[
!

t=1,.,n

In the last equality we changed the summation, i.e., we put 7~ '=7' and

we used the fact that mwen(r, t) if and only if 7~ 'en(¢, r). Consider the
term in brackets in the equality above. Note that

<Z A,Z(x)>(k,l)= > x(a(k), n(l))

nen(t,r) oxnen(t,r)

I
g
TN
gl
=
Q0
A
=
=
N

5 (m—l)!( » x(a<k>,p>).
g:o(t)=r p=1,..,m

One can see that the term in the last equality does not depend on /. Hence

( > A,,(x)>e W, forany t=1,..n
nen(t,r)
Combining this with (1.6) gives Ey(u,) € W (for any r =1, .., n). Reasoning
in a way similar to that above, but applied to v, leads to Ey(v,) € W (for
any s =1, .., m). Therefore the proof of (1) is complete.

By (1.4) and Lemma 1.4 we get

Gl - E§(w) =} (AX) ® (A, y)(W)

4

=2 (Ax)(w) - A(y)

T
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=Y x(A;(w)-A(y)

=Y x(w)-A,(y)

—x()- (L 4, ) ()

U3

(S 1= tn= 1 <Zy(u>

the point (2) follows from the previous computation. ||

Since

THEOREM 1.7. E, commutes with S, xS,,, i.e, A,Eo=EyA,, for every
nesS, xS,,.

Proof. Fix k€S, xS,,. By Lemma 1.4
|G| - Eg o A,(v) =; (A2y) ® (A, x)(A4,v)
:Z,,: (A y)(Aev) - Ag(x)
—Z AN A, y) () - A(x)
=§(Ax—lony)(v)-An(X)
=§(Anry)(v)-z4mnr(x}

=Z (A y)(v) - A, (A7)(x)

4, (z (A 2)(0)- (A;,><x>>

=A4,(|1G| - E(v))
= |G| - A, o Eg(v).

In the fifth equality in the above reasoning we changed the summation, i.c.,
we put k lom=n". |
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THeOREM 1.8. If an operator L: W — W commutes with S, X S,, (A, L=
LA,) then there are constants a, b, k such that

k—
L(u,)=au,+ 4

w, for i=1,.,n-—1

(1.7)

k—b
L(vy) =bu,+ ot for i=1,..m—1

L(w)=kw.

Moreover, for any constants a, b, k the operator L defined by (1.7) commutes
with S, X S,,.

Proof. Take uy, .., u,_,, Uy, .., U,,_1, w, which form a basis of W (see
(1.5)). Any operator L: W — W can be represented in a general form as
below

..........

L(vs)=( » cksuk>+< » d,sv,>+fsw, (18)
k=1 n—1 I=1 m—1

5 e =1,..,

The proof is divided into a few steps. Now, fix p, ge {1, ..,n—1} and i
Jje{l,..,m—1}. Consider the transformation 4 such that

A(up) = uqa A(uq) = upa A(ur) =Uu, (fOI' r# D> q),
A(v)=v;,  A(v)=v,, A(v,)=v,  (fors#i, j), (1.9)
A(w)=w,

ie, A=4,,, where a(k) =k, for k+# p, q and a(p)=gq, a(q)=p, n(l) =1,

for I #1, j and 5(i) = j, n(j) =i Since L commutes with so chosen 4 then
Ao L(u,)=LoA(u,) which after substitution for L from (1.8) and for 4
from (1.9) yields

< Y akpuk>+appuq+aqqup+< > bb,vl>+b,-pvj+bjpv,-+epw

k#p.q 1#14, j

=< Y akquk>+apqup+aqquq+< > b,pv,>+b,-qvi+quuj+eqw.

k#p,q 1#1, j
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Comparing coefficients at the suitable elements of basis u, ..., t,_1, Uy, ..
V,,_1, W We get

App =gy Upg =0y, Ui, =y, forany k#p,q,
by=">bj,, (1.10)
e,=e,

By the similar reasoning applied to the equality 4 L(v;) = Lo A(v;)

Cpi = Cyjs
(L.11)
dy=d;, d;=d;, d;,=d; forany [+#1i, ]

In addition the equality Ao L(w)= Lo A(w) is equivalent to

< Y gkuk>+gpuq+gqup+< > h,v,)—i—hivj—i-hjvi—i-tw

k+#p.q 1#i, j
:< > gkuk>+gqup+gquq+< Y hlvl>+hl—v,—+hjvj+tw.
k#p,q 1#i,j
Hence
gr=284 and h;,=h,. (1.12)

J

Therefore L has a form

L(u,)=a’~<Z “k>+aur+b-< Z vl>+ew,
I=1 m—1

k#r s ooy

forany r=1,..,n—1

L(vs)=c~< Y uk>+d’~<Zv,>+dvs+fw (1.13)

.....

A(v, =<w > vl>, A(v,)=v, (fors#j), (1.14)
=1 m—1

.....
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ie, A=A,,, where a(k) =k, for k#i, n and o(i) =n, a(n) =1, n(l) =1, for
I+ j, m and n(j)=m, n(m)=j. Since L commutes with so chosen 4 then
AoL(u,)=LoA(u,) (for r#1i) which after substitution for L from (1.13)
and for A4 from (1.14) yields

a< Y uk>+au,+a’-<w—nzl uk>+b-<z v,>+b-<w—mz1 u,>ew

k£r k=1 I#j =1

m=1
=a’-<z uk>+au,+b-< > vl>+ew

k#r I=1

which, after simplification, gives

(a—ad')u,—au;+bv;+(a" +b+e)w

m—1
=a"<z uk>+au,+b-< > vl>+ew.

k#r I=1
Hence,
a =0 and b=0. (1.15)

Applying the same reasoning to the equality A L(v,) = Lo A(v,) (for s +# j)
we also obtain

d' =0 and c=0. (1.16)
In addition, from the equality Ao L(w)= Lo A(w) we get

(S )t e (nmT ) (5 o) (o= o)

ki k=1 1#j =1

= g.<nzl uk> +h- (mzl v1> + tw,

k=1 I=1
and after simplification of the left side of the above inequality
n—1 m—1
gul—+hvj+tW=g~< Y uk>+h~< y v1> + tw.
k=1 =1

Hence

g=0 and  h=0. (1.17)
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Comparing (1.15), (1.16), and (1.17) with (1.13) yields

L(u,)=au, + ew, forany r=1,..,n—1
L(vy) =dv, + fw, forany s=1,..,m—1 (1.18)
L(w)=1tw.

Now, for A described in (1.14), from the equality 4o L(u;)= Lo A(u;) we
get

n—1 n—1
a-<w— Y uk>+eW=tw— Y (auy +ew).
k=1 k=1

By comparing the coefficients at the element w in both sides of the above
equality, a +e=t—(n—1) e, that is

t—a

(1.19)

e=
n

Applying the equality 4o L(v;)=LoA(v;), after similar computations we
finish at

f=—" (1.20)

Observe that (1.19) and (1.20) with (1.18) finished the proof of the first
part of this theorem. It is left to show that every L given by (1.7) commutes
with §, xS,,. To do this fix any 4,,,, where oxneS, xS,,. Simple
computation using the form of L (see (1.7)) yields

b= (o5 )2 (S )

k=1 k=1
n—1
=mw— ) L(uy)
k=1
n—1
=mw— ) <auk+[ aw>
k=1 n

=tw—a-<nzl uk>—(n—1)Z;aw

k=1

t—a

=tw—a(w—u,)—(n—1) w

t—a

=au,— w. (1.21)

n
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Therefore, for any r=1, .., n

w> = ity ——w=L(A(u,) = Lo A(u,).
n

Aﬂ.’ OL(ur) =A77: <aur_

Since we can obtain the same equality as in (1.21) but for the element v,,
and do the same computation as above for v,, where s =1, ..., m, the proof
is completed. ||

THEOREM 1.9. There is a constant ¢ such that Ey/y = ¢ - Idy,. Moreover

c=Qll.

Proof. From Theorem 1.6 point (1) and Theorem 1.7 the operator
E,/w fulfills the assumptions of Theorem 1.8. Therefore there are constants
a, b, k such that E, can be represented in the form (1.7). Hence

(EQ/W)*(W)=< Y k;aur>+kw+<s > k_bux>,

r=1,n—1 —Lm—1 M

and by Theorem 1.6 point (2) £>2=0 and %-2=0. Therefore k=a=5
which gives the first part of this theorem.
To prove the second part we will use the notion of a trace of an operator

(for the necessary definition see Definition 1.3). Since

Eo/weQ0) =1 X (4x2)® (4:x)(Q0)
neG
1
= 1G] Z (4 )(Q0) - A,()
-G > (A,y°0)(v)-A,(x),

then by the definition of a trace of the operator Ey/y o Q, and Theorem 1.5
we get

tr(Eg/w > Q) 2 (A yo Q) (Ax) =10l (1.22)

T

_ L
|G

Let zy, .., z,,,, be a basis of X such that z,, .., z,,,,_; form a basis of W.
We can represent E, as follows
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By Theorem 1.6 Eo(W) < W, hence z{ /=0, or k=n+m+2,..,mn and
therefore

Eo/w(x)= > ZH(X) 2. (1.23)
k=1,..n+m+1

Since the trace of an operator does not depend on a particular representa-
tion we get

[r(EQ/WOQ)z Z z2¥(0zy)

k=1,.,n+m+1

= Z z¥(ze)
k=1,..,n+m+1
= tr(Ey/y). (1.24)

From the first part of this theorem E,/y, = c - Idy,, and since tr(c - Idy) = c
by (1.22) and (1.24) c=[|Q]. 1

2. MAIN RESULTS
The aim of this paper is to prove the following result.

THEOREM 2.1. Let X=(M(n,m), |-||), where |-| fulfills Condition 0.3
and W=M(n, 1)+ M(1, m). Take the projection Q given by the formula
(1.1). Then Q is the unique minimal projection from X to W.

Proof. The projection Q is minimal. Assume, on the contrary, that
there is a projection P # Q with || P| = || Q]. Consider the projection

1
R=< y (Anl)oPoAn>: X W.
|G| neG

Since, for any k€ S, x S,,

1 1
Axo<|G| 2<A,,1>oPoA,,>=2<AKoA,,1)oPoA,,

|G|
1

zﬁ (Aicon:’l)OPoAn
1

:ﬁ ZAn/ OPOA”/—IGK
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1

N (Apr)ePoA..
G| %

— LS Uz P4y o ay)
|G| = n” s x

1
:<|G| Z (Anl)OPoAn>OAK7

the projection R commutes with S, x.S,,, thus by virtue of Theorem 1.2
R=0Q,ie.,

1

Q:ﬁ (A" o PoA,. (2.1)

neG

For any projection R: X — W put (compare this with Definition 1.3)

Go(R) = {(x, y) € S(X) x S(X*) : [ (Rx)| = | P[ }. (2.2)

Now, we will prove two lemmas

LEMMA 1. If (u,v) €& Q) then (u,v)eéy(P). (P, Q are projections
defined at the beginning of the proof.)

Assume to the contrary that |v(Pu)| < | P|. Then by (2.1)

191 = lv(Qu)| =

1
<|G| Z(A;I)opoAn(u)>’
1
=‘|(;| ZU((ATZI)OPOA”(”))‘

1
Sﬁ Y (A7) o Po Ay (). (2.3)

Since ||v]|g»=1, ||u| x=1 and A, are isometries,
[o((A7 ) o PoAy(u)| <P, forany neS, xS,,.
For n=1dx Id
(A1) o PoAy(u)|=lo(Pu)| <|P].

Combining the two above estimations with (2.3) gives || Q|| < || P| and the
desired contradiction.
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Lemma 2. If (u,v)eé&y(Q) then voeQ=voP. (P, Q are projections
defined at the beginning of the proof.)
By Lemma 1
W(Qu)=[0Q|  and  [vo(Pu)|=|P]|. (2.4)
Hence, by ||P| = | Q|| there is a a € K: || =1 such that

vo Q vo P
(u)y=1 and o-

10l 10|
Since, by (2.4), |veQ| =|veP||=]Q| and smoothness of (X, |-]) (see
Definition 0.2 and Condition 0.3), in virtue of (2.5) we get

(u)=1. (2.5)

UoQ_O('voP
el el

The above equality considered on the element w = Q(u) yields 1 =a, which
by (2.6) gives ve Q=wvoP.
Now, by having Lemma 2 it is easy to finish the proof of Theorem 2.1.
Take the operator E, given by (1.3). Since P # Q there is x, € X such
that

(2.6)

wo := P(xq) — O(x4) #0. (2.7)
Applying Lemma 2 to (A,x, A,y) € &y Q) (see Theorem 1.5) yields
(A7 y)(wo) = (A, y)(P(xo) — O(x))
(A y)(P(x0)) — (A, y)(Q(x0))
(Azy)eP—(Azy)e Q)(xo) =0.

From the definition of E, and the above computation we get

1
EQ(Wo)=ﬁ Y. (A4,1)® (A,x)(wo)
neG
R (A7 y)(wg) - Ax(x)=0.

Since wy € W, we have Ey(wg) = [|Q| - wo by Theorem 1.9; thus by (2.8) we
have wy=0; which contradicts (2.7). ||

Below we present examples of norms ||| on M(n, m) fulfilling
Condition 0.3.
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Since, in [12] it is proved that 4, are isometries in (M(n, m), ||-||,) for
pe(l,0) and it is well known that (M(n, m),|-|,) are smooth for
pe(l, o) then we have the following

THEOREM 2.2. If X=(M(n, m), |-|,) for pe(1, o0) then the projection
Q given by (1.1) is unique.

It is worth saying that in the cases of p =1 and p = oo the projection Q
given by (1.1) is not unique (for m, n = 3).

THEOREM 2.3. If X=(M(n,m), | -||;) or X=(M(n,m), ||-||.,) then the
projection Q given by (1.1) is not unique ( for m, n>=3).

This follows from the dimensional computation presented (in sketch)
below for X=(M(n, m), |-|l;) (for X=(M(n, m), | -| ) reasoning is almost
the same).

Let C be a convex subset of a Banach space X. A point e € C is called an
extreme point of C if e is not a center of any non-degenerate line segment
in C (ie., for any x, ye Cif e=Ax+ (1 —A1) y then =0 or A=1). The set
of all extreme points of C is denoted by Ext.. If X is a Banach space then
Exty :=Extp , where By is a unit ball in X.

Take P :=Q+ oL, where L: X — W is such that L/, =0 and a > 0. Since
Q is a projection from X to W, P is also a projection from X to W. Our
aim is to choose L and « in such way that || P|| = | Q]|. It is well known that
there are (y, x) € Exty« x Ext, such that y(Px)=|P| (compare this with
Definition 1.3). Let then

&(P)={(x, y) € Exty x Extys: | ¥(Px)| = | P|}.

Now, we will construct L. Take e, (e, (i, j)=0,;0,). These elements are
extreme points of X and form a basis of X. By the form of extremal points
of a unit sphere in /% and the formula (1.1) of the projection Q for e,
there could be only one y,, € Exty« such that y,(Q(e,,)) = ||Q| (since the
representation of Q(e,,) in base ¢; (i=1, .., n, j=1, .., m) has all non-zero
coefficients).

Any operator L: X — X can be written in form

Le,) =Y ages. (2.9)
©

If we assume that L: X — W then (since dim W =n+m — 1) there are only
(n+m—1)nm independent a}; in the formula (2.9). Assuming that
Vs(Le,) =0 gives us additionally nm linear equations on aj; and the
assumption L/, =0 gives (n+m—1)(n+m—1) linear equations on aj;.
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Since (n+m—1)nmm—nm—(n+m—1)n+m—1)>0 (for m, n=3) we
can choose the numbers a7 such that

L:X->W, L#0 and L/p,=0 and y,(Le,)=0. (2.10)
Since, in our case, the set Exty« x Exty is finite
M =max{|y(Qx)|, where (x, y) € (Exty x Exty+)\&(Q)} < [|Q]. (2.11)
Take a such that
laL] <[ Ql — M. (2.12)
Now, for (x, y)e&(0), by (2.10) we get
|y((Q+aL) x)| = [y(Qx) + ay(Lx)| = [ y(Ox)| = |2,
and for (x, y) € (Exty x Exty+)\&(Q), by (2.11) and (2.12) we get

|y((Q+aL) x)| < [¥(Ox)| + | p(aLx)| S M + [[aL |
<M+1Qll =M =0l

Using the above estimations and the well known fact
| P| = max{|y(Px)|, where (x, y) € Exty X Ext y«},

yields |Q +oL| = | Q]. Therefore O+ aL is also a minimal projection.

This remark shows that the assumption of smoothness of the considered
space is essential and cannot be omitted. Below we present more general
spaces (i.e., Orlicz spaces) fulfilling Condition 0.3.

Let ¢ be a convex function such that @(0)=0 and ¢/ o)>0.
A function with the above properties will be called an Orlicz function.

If the Orlicz function ¢ satisfies the conditions

lim M=0 and lim M= + o0,
x—>0t X x—> 4+ X

then we will called it briefly N-function. From now on, we will only
consider N-functions.
Let p be the right derivative of ¢. The function

g(s)=sup{z: p(t)<s} =inf{r: p(1) > s}

we call the right-inverse function of p.
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Let ¢ be an N-function, p be the right derivative of ¢, and ¢ be the right-
inverse function of p. Then we call

W)= | gts) ds

the complementary function of ¢.
The Orlicz modular corresponding to the function ¢ is defined by

p(p(x) :Z (p(|xlj|)3

for any xe M(n,m) and x=3; ; x; ;e; ;.

The Luxemburg norm and the Orlicz norm is defined respectively by

HXH%=inf{d>0:pq,(x/d)<l}, (2.13)
el =sup {3 2y, pu(1) <1}, (214)
i, j

Using Amemiya formulas we get

Ix1,, = inf {dmax{L, p,(x/d)} }. (2.15)

%Il = inf {d-+dp (x/d)}. (2.16)

For basic facts concerning Orlicz spaces and extensions the reader is
referred to [10] and [20].

It is well known that there are sufficient and necessary conditions in
terms of function ¢ for Orlicz spaces to be smooth, even in cases more
general than presented below (see, e.g., [ 10, Chapter 2.7]).

The function ¢ is called smooth if its right derivative p is continuous.

Let

m,(o) =inf{z>0:(p(1)) = a},

then in our cases these conditions can be formulated as follows

THEOREM 2.4 [10]. Let ¢ be an N-function. Then M(n, m) with the
Luxemburg norm is a smooth space if and only if ¢ is smooth on (0, ¢ ~}(1)).

THEOREM 2.5 [10]. Let ¢ be an N-function. Then M(n, m) with the
Orlicz norm is a smooth space if and only if ¢ is smooth on (0, 7 ,(1/2)) and

P (m,(1/2))=¢~}(1/2). (p _(a) means lim,_, ,- p(t).)
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Simple computation shows that in M(n, m) with the Luxemburg or the
Orlicz norm the transformations A4, are isometries. Therefore we can state
the following

THEOREM 2.6. Let ¢ be an N-function such that ¢ is smooth on
(0, @ ~'(1)). Consider M(n, m) with the Luxemburg norm, then the projection
Q given by (1.1) is unique.

THEOREM 2.7. Let ¢ be an N-function such that ¢ is smooth on
(0, 7,(1/2)) and p _(7,(1/2)) =y ~'(1/2). Consider M(n, m) with the Orlicz
norm, then the projection Q given by (1.1) is unique.

It can be easily seen that the functions ¢(¢) =t?, where p (1, c0) fulfills
the conditions required on the function ¢ in Theorem 2.6 and Theorem 2.7.

ExampLE 2.8. If we take ¢(7) =e’—¢— 1 then the Orlicz norm and the
Luxemburg norm generated by so chosen ¢ are smooth. Moreover these
norms are of course different from p-norms.

Now, we present another example of norms fulfilling Condition 0.3.
Let E be a convex symmetric body in R™ (i.e., E is convex, compact
with nonempty interior and E= —E). Let E* denote its polar

E*={xeR™:x.-y<], for any ye E}.
Here “-” denotes the canonical inner product in R™. Define
f(x):=sup{|x-y|: ye E*} for xeR™ (2.17)
and
f*(x):=sup {|x-y|: yeE} for xeR™. (2.18)

Then both functions f'and f* are norms in R"” and E, E* are the unit balls
for f and f*, respectively. For ke N put

1

1/2k
10 = (g [ v ay)

Then, by [1, Remark 1.7], f; are increasing sequence of norms such that
S = f (e, filx) > f(x) for any x e R™) and f; € €*°(R™\{0}). Therefore
fr are also smooth norms. Since, by [1, Proposition 1.8], if 4, is an
isometry in the norm f then it is also an isometry in the norm f; we may
state the following
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THEOREM 2.9. Assume that for any ne S, X S,, the transformation A, is
an isometry in the given norm f. Consider M(n, m) with f, norm, then the
projection Q given by (1.1) is unique.

One can easily seen that if E fulfills the condition
for any 7 A (y)eE provided yekE; (2.19)

then A, are isometries in the norm f. Therefore this class greatly extends
our previous examples.
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